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Abstract 

We provide an axiomatic foundation for the measurement of correlation di- 
versification measures in a one-period portfolio model. We propose a set of nine 
desirable axioms for this class of diversification measures. We name the measures 
satisfying these axioms coherent correlation diversification measures which we dis- 
tinguish from coherent risk measures. We provide the decision theoretic founda- 
tions of our axioms by studying their compatibility with investors’ preference for 
diversification in rank-dependent expected utility theory. We examine some of the 
most frequently used methods for measuring correlation diversification in terms of 
our axioms.  Lastly, we explore whether our axioms have a representation function. 
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1 Introduction 
 

Diversification is one of the major components of decision making in conditions of risk 

and uncertainty, especially in portfolio theory (see Markowitz, 1952; Ross, 1976; Sharpe, 

1964). It consists of investing in various assets. Diversification is intended to reduce risk, 

particularly the likelihood and severity of portfolio loss, through multilateral insurance in 

which each asset is insured by the other assets. Despite criticism after the 2007-2009 finan- 

cial crisis (see Holton, 2009), diversification is still an important risk management tool for 

many institutions and regulators. Its measurement and management, outside the standard 

risk measurement frameworks (e.g. the theory of monetary risk measures of Artzner et al 

(1999) and Föllmer and Weber (2015)), remain of fundamental importance in finance and 

insurance economics. 

1.1 Existing Diversification Measures 

 
Following Markowitz’s (1952) pioneering work on the mathematical formulation of diversi- 

fication in portfolio theory, several measures of portfolio diversification have been proposed. 

According to Koumou (2019), there are four categories of diversification measures: law of 

large numbers diversification measures, correlation diversification measures, market portfo- 

lio diversification measures, and risk contribution diversification measures. 

1.1.1 Law of Large Numbers Diversification Measures 

 
This category includes measures designed to capture the effect of law of large numbers 

diversification. This diversification strategy involves investing a small fraction of wealth in 

each of a large number of assets. A specific example is naive diversification (or equal weight 

portfolio), in which the same amount of wealth is invested in each available asset. Examples 

of law of large numbers (and in particular, naive diversification) measures are the effective 

number of constituents (see Carli, Deguest, and Martellini, 2014; Deguest, Martellini, and 

Meucci, 2013) and Bouchaud, Potters, and Aguilar’s (1997) class of measures, which includes 

the Shannon and Gini-Simpson indexes (Zhou, Cai, and Tong, 2013). Other examples of 

naive diversification measures can be found in the studies by Yu, Lee, and Chiou (2014) 

and Lhabitant (2017). 
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1.1.2 Correlation Diversification Measures 

This category includes measures designed to capture the effect of correlation1 diversification. 

This diversification strategy is at the core of most decision theories, including the expected 

utility theory and Yaari’s (1987) dual theory, and is related to the notion of correlation 

aversion (see Epstein and Tanny, 1980; Richard, 1975). It can be viewed as the rational 

diversification principle for risk-averse investors. It exploits interdependence between asset 

returns to reduce portfolio risk. The idea is that the less positively correlated the assets, 

the lower the likelihood they do poorly simultaneously in the same proportion, and the 

better the protection offered by diversification. Therefore, when there is correlation, it 

becomes sub-optimal to follow the law of large numbers diversification principle ex-ante. 

Correlation diversification is recommended in Basel II (CEBS, 2010), Basel III (BCBS, 

2010, 2013), and in Solvency II for calculating the solvency capital requirement (CEIOPS, 

2010 a,b). Examples of correlation diversification measures are Embrechts, Furrer, and 

Kaufmann’s (2009) class of measures, Tasche’s (2006) class of measures, the diversification 

ratio of Choueifaty and Coignard (2008), the diversification return of Booth and Fama 

(1992), the excess growth rate of Fernholz (2010), the return gap of Statman and Scheid 

(2005), Goetzmann and Kumar’s (2008) measure of diversification, and the diversification 

delta of Vermorken, Medda, and Schroder (2012). 

 
1.1.3 Market Portfolio Diversification Measures 

 
This category includes measures designed to capture the effect of market portfolio diversi- 

fication. This diversification strategy, introduced by Sharpe (1964), consists of holding a 

market portfolio or a market capitalization-weighted portfolio. It focuses on idiosyncratic 

risk reduction, so it may fail during systematic crashes like the 2007-2009 financial cri- 

sis. Examples of market portfolio diversification measures are portfolio size (see Evans and 

Archer, 1968), Sharpe’s (1972) measure and Barnea and Logue’s (1973) measures. 

1The term correlation here refers to any dependence measure including dissimilarity or 
similarity mea- sures. 
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1.1.4 Risk Contribution Diversification Measures 
 

The last category includes measures designed to capture the effect of risk contribution 

diversification. This diversification strategy, also known as risk parity, became popular 

after the 2007-2009 financial crisis (Maillard, Roncalli, and Teiletche, 2010; Qian, 2006). 

It consists of allocating portfolio risk equally among its components. Examples of risk 

contribution diversification measures are the effective number of correlated bets (see Carli, 

Deguest, and Martellini, 2014; Roncalli, 2014) and the effective number of uncorrelated bets of 

Meucci (2009) and Meucci, Santangelo, and Deguest (2014). 

1.2 Toward an Axiomatic foundation of Correlation Diversification Measures 
 

We focus on the rich choice set of correlation diversification measures. A completely rig- 

orous axiomatic foundation for correlation diversification measurement is lacking in the 

literature. None of the existing measures truly has theoretical foundations (axiomatic or 

decision-theoretic foundations). Although correlation diversification is at the core of most 

decision theories and is recommended by international regulatory agencies, conceptual prob- 

lems involved in its measurement have been overlooked. Much of the academic literature 

on the theoretical foundations of risk management has focused on the study of risk mea- 

surement  (see  Artzner  et  al,  1999;  Föllmer  and  Schied,  2002;  Frittelli  and  Gianin,  2002, 

2005; Rockafellar, Uryasev, and Zabarankin, 2006). Even if correlation diversification is 

taken into account in the standard risk measurement frameworks through the properties of 

convexity, sub-additivity, comonotonic additivity, homogeneity and non-additivity for inde- 

pendence, these risk measures do not quantify the correlation diversification effect properly. 

The reason is that risk reduction is not equivalent to diversification. Diversification implies 

risk reduction, but the reverse is not true, because risk can also be reduced by concentra- 

tion.   For  example,  in  Artzner  et  al’s  (1999)  and  Föllmer  and  Weber’s  (2015)  monetary 

risk measurement theories, the possibility of reducing risks by concentration is taken into 

account through the property of monotonicity, and is as important as diversification. Con- 

sequently, standard risk measurement frameworks fail to adequately quantify and manage 

correlation diversification, except in the extreme case where all assets have the same risk. 
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( ) 

( ) 

The lack of rigorous theories of correlation diversification measures when the decision maker 

is risk averse does not favor (i) rapid improvement in understanding the concept of diversi- 

fication, (ii) development of coherent measures, and (iii) comparison of existing measures. 

The 2007-2009 financial crisis revealed that the concept of correlation diversification is mis- 

understood (Ilmanen and Kizer, 2012; Miccolis and Goodman, 2012; Statman, 2013). An 

example of the development of an inadequate correlation diversification measure is the di- 

versification delta introduced by Vermorken, Medda, and Schroder (2012) and revised by 

Salazar Flores et al (2017). 

Our paper is a first step toward a rigorous theory of correlation diversification measures. 

We provide an axiomatic foundation for the measurement of correlation diversification in a 

one-period portfolio model under the assumption that the investor has complete information 

about the joint distribution of asset returns. 

Specifically, in Section 3, we present and discuss a set of minimum desirable axioms that 

a measure of portfolio diversification must satisfy in order to be considered coherent. In 

Section 4, we provide decision-theoretic foundations of our axioms by studying their ra- 

tionality with respect to rank-dependent expected utility (RDEU) theory, one of the most 

promising non-expected utility theories in the literature. More specifically, we examine the 

compatibility of our axioms with investors’ preference for diversification (PFD) in RDEU 

theory. We proceed in two steps. First, using the notion of PFD introduced by Dekel 

(1989) and extended by Chateauneuf and Tallon (2002) and Chateauneuf and Lakhnati 

(2007), we identify the measure of portfolio diversification at the core of RDEU theory as 

the differential between the weighted average of each asset risk and portfolio risk, similar to 

the study by Embrechts, Furrer, and Kaufmann (2009), where risk is measured by the stan- 

dard certainty equivalent or risk premium. Next, we test the identified measure against our 

axioms. If the identified measure satisfies our axioms, we consider our axioms rationalized 

by RDEU theory. We distinguish three cases, and we show that 

(i) if the utility function u . is nonlinear and concave and the distortion function 

h . is linear (in which case RDEU theory reduces to expected utility theory), then 

our axioms are rationalized by RDEU theory if and only if one of the following 
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( ) 

( ) = ( ) × ( ) ( ) ( ) = − ( ) 

conditions is satisfied: 

(a) risk is small in the sense of Pratt (1964) and absolute risk aversion is constant 

(see Proposition 1); 

(b) each distribution of asset returns belongs to the location-scale family (includ- 

ing the elliptical distribution) and the certainty equivalent has a particular 

additive-separable form (see Proposition 2); 

(ii) if the utility function is linear and the distortion function is nonlinear (in which case 

RDEU theory reduces to Yaari’s (1987) dual theory) our axioms are rationalized by 

RDEU theory if and only if the distortion function is convex (see Proposition 3); 

(iii) if the utility and the distortion functions are nonlinear and are continuously differ- 

entiable, then our axioms are rationalized by RDEU theory if and only if one of the 

following conditions is satisfied: 

(a) risk is small in the sense of Pratt (1964) and the absolute risk aversion of the 

utility function v . 2 is constant (see Proposition 4); 

(b) each distribution of asset returns belongs to the location-scale family (includ- 

ing the elliptical distribution) and the certainty equivalent of v . has a par- 

ticular additive-separable form (see Proposition 5); 

These results strengthen the economic desirability, reasonableness and relevance of our 

axioms. 

In Section 5, we examine some of the most frequently used methods for measuring correlation 

diversification in terms of the axioms. This list includes: 

 
(i) portfolio variance, a risk measure from the mean-variance model, often used to 

capture the benefit of diversification (Markowitz, 1952, 1959; Sharpe, 1964) and 

formally analyzed by Frahm and Wiechers (2013) as a measure of portfolio diversi- 

fication; 

(ii) the diversification ratio designed by Choueifaty and Coignard (2008), used by the 

firm TOBAM3  to manage billions in assets via its Anti-
Benchmark○R 

strategies in 

 
 

 
 

2v  . u  . h
′    

.   with h
′    

.   the derivative of the conjugate distortion function h  . 1    h  .  . 
3https://www.tobam.fr/ 

https://www.tobam.fr/
https://www.tobam.fr/
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Equities and Fixed Income. It coincides with the Sharpe ratio when each asset’s 

volatility is proportional to its expected premium; 

(iii) Embrechts, Furrer, and Kaufmann’s (2009) class of measures and its normalized 

version analyzed by Tasche (2006), which are widely used to quantify diversifica- 

tion in both the finance and insurance industries (see Bignozzi et al, 2016; Dhaene, 

Denuit,  and  Vanduffel,  2009;  Embrechts,  Puccetti,  and  Rüschendorf,  2013;  Em- 

brechts, Wang, and Wang, 2015; Tong, Wu, and Xu, 2012; Wang, Bignozzi, and 

Tsanakas, 2015) and are recommended implicitly in some international regulatory 

frameworks (see BCBS, 2010; Bernard and Vanduffel, 2016). 

We show that 

 
(i) portfolio variance satisfies our axioms, under the very restrictive (if not impossible) 

conditions that assets have identical variances (see part (i) of Proposition 6); 

(ii) the diversification ratio satisfies our axioms (see part (ii) of Proposition 6); 

(iii) Embrechts, Furrer, and Kaufmann’s (2009) (see part (iii) of Proposition 6) and 

Tasche’s (2006) (see part (iv) of Proposition 6) classes of diversification measures 

satisfy our axioms, under the condition that the underlying risk measure is convex 

(or quasi-convex), homogeneous, translation invariant and reverse lower comono- 

tonic additive. 

These results 

 
(i) strengthen our axioms. They are relevant to a number of measures with which we 

have considerable experience; 

(ii) strengthen such measures as the diversification ratio, Embrechts, Furrer, and Kauf- 

mann’s (2009) and Tasche’s (2006) classes of measures. Several desirability proper- 

ties of these measures can be rationalized by the expected utility theory and Yaari’s 

(1987) dual theory, and their popular use in empirical works and on the marketplace 

can be defended by our axioms; 

(iii) reveal the limits of portfolio variance as an adequate measure of diversification in 

the mean-variance model. 
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Since the diversification ratio coincides with the Sharpe ratio when each asset’s volatility is 

proportional to its expected premium, the fulfillment of our axioms by the diversification 

ratio implies that the Sharpe ratio is a coherent correlation diversification measure under the 

above proportionality condition. It is also straightforward to verify that if the Sharpe ratio is 

a coherent correlation diversification measure, then each asset’s volatility is proportional to 

its expected premium. As a result, the Sharpe ratio is a coherent correlation diversification 

measure if and only if each asset’s volatility is proportional to its expected premium. 

The conditions of fulfillment of our axioms by Embrechts, Furrer, and Kaufmann’s (2009) 

and Tasche’s (2006) classes of measures also establish the conditions under which a coherent 

risk measure in the sense of Artzner et al (1999) induces a coherent diversification measure. 

We show (Corollary 6) that a coherent risk measure induces a coherent diversification 

measure if and only if the coherent risk measure is reverse lower comonotonic additive. 

The Expected Shortfall (in the case of continuous distribution), which is chosen over the 

Value-at-Risk in Basel III (see BCBS, 2013), and the concave distortion risk measures (see 

Sereda et al, 2010) induce coherent diversification measures. These conditions also imply 

that a deviation risk measure (see Rockafellar, Uryasev, and Zabarankin, 2006) induces a 

coherent  diversification  measure,  but  the  family  of  convex  risk  measures  (see  Föllmer  and 

Schied, 2002; Frittelli and Gianin, 2002, 2005) does not. These conditions (part (iv) of 

Proposition 6 in particular) also support the findings of Salazar Flores et al (2017) that the 

diversification delta of Vermorken, Medda, and Schroder (2012) is an inadequate measure of 

portfolio diversification. 

In Section 6, we investigate the structure of representation of our axioms. We show that 

our axioms imply a family of representations, but this family is not unique. We provide 

some examples and one counterexample of this family of representations to support our 

argument. Section 7 concludes the paper. Proofs are given in the appendix. Throughout 

the paper, vectors and matrices have bold style. 

1.3 Related Literature 
 

As mentioned above, the literature has focused mainly on the design of correlation di- 

versification measures. Some studies have presented and discussed desirable axioms to 
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support their proposed measures of diversification. For example, Choueifaty, Froidure and 

Reynier (2013) introduce the axiom of duplication invariance to support the diversification 

ratio. Evans and Archer (1968) present the monotonicity in portfolio size axiom to support 

portfolio size. The monotonicity in portfolio size axiom was also used by Rudin and Mor- gan 

(2006) to support the portfolio diversification index and by Vermorken, Medda, and 

Schroder (2012) to support the diversification delta. In addition to the axioms of duplica- 

tion invariance and monotonicity in portfolio size, Carmichael, Koumou, and Moran (2015) 

discuss the axioms of degeneracy in portfolio size and degeneracy relative to dissimilarity to 

support Rao’s Quadratic Entropy. Meucci, Santangelo, and Deguest (2015, Example 1) dis- 

cuss the axiom of market homogeneity to support the effective number of bets. Our research 

contributes to this literature by generalizing, supplementing and rationalizing this list of 

axioms to obtain an axiomatic system for coherent correlation diversification measures. 

In a recent contribution, De Giorgi and Mahmoud (2016 b) developed an axiomatic structure 

for a diversification measure that is designed to capture the effect of naive diversification. 

By contrast, our axiomatic system is relevant for measures based on the notion of correla- 

tion diversification, assuming that the risk-averse decision maker has complete information 

about the joint distribution of asset returns. Our work complements that of De Giorgi and 

Mahmoud (2016 b), but differs on an important point: their axiomatic system has a unique 

representative form and ours does not. 

Finally, our work complements that of Artzner et al (1999) on risk measurement. Whereas 

Artzner et al (1999) provide a coherent axiomatic system of risk measures, our work provides 

a coherent axiomatic system of correlation diversification measures. Our work differs from 

that of Artzner et al (1999) in two other important respects. First, we study the rationality 

of our axiomatic system with respect to rank-dependent expected utility theory (Sections 4). 

Second, their axiomatic system implies a unique family of representations. 
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2 Preliminaries 
 

2.1 Notation 

We consider a one-period model, so time diversification is not analyzed. We assume that 

the investor is risk averse and the investment opportunity set is a universe Ai i N 

of N assets (risky or not), where Ai denotes asset i of  ,  N  1, ..., N is an index set and 

N is a strictly positive integer (N 1). We also assume that short sales are restricted and we 

denote by W      w      w1, ..., wN  T   RN       N
1 wi    1   the set of long-only portfolios associated 

with , where wi is the weight of asset i in portfolio w,  is a transpose operator and R is the 

set of positive real numbers. Our findings remain valid when short sales in the sense of 

Lintner (1965) are allowed, i.e. when the set of long/short portfolios is defined as W−       w      

w1, ..., wN  T   RN        N
1  wi     1    with R the set of real numbers and  .  the absolute  value  

operator.  A  single-asset  i portfolio  is  denoted  δi     δi1, ..., δiN  T,  where  δij is the Kronecker 

delta i.e.  δii    1 for each i     N  and δij    0 for i    j, i, j     N .  A portfolio that holds at least 

two assets is considered a diversified portfolio, while a portfolio that maximizes or 

minimizes a portfolio diversification measure is a well-diversified portfolio. 

Ri   denotes the future return of asset i, where  L∞ Ω, , P is the vector space of bounded 

real-valued random variables on a probability space Ω, , P , where Ω is the set of states of 

nature, is the sigma-algebra of events, and P is a sigma-additive probability measure on 

Ω, . We assume that the investor has complete information about the joint distribution of 

R = (R1, ..., RN )T. The expected value of Ri is µi = E(Ri), its variance 
 

FR i    ri 1  FRi  ri , where E . and Var . are the operators of expectation and variance, 

 

(σij)
N 

. The Pearson’s correlation between Ri and Rj is ρij =
 σij

 

 

and the correlation 

matrix is ρ = (ρij)
N 

. The vector of asset volatility or standard deviation is denoted 
i,j 1 

σ = (σ1, ..., σN )T. The future return of portfolio w is R(w) = wTR. Its expected value is 

µ w     wTµ and its variance σ2 w     wTΣw. The cumulative and decumulative functions 

of R are FR(r) and F R(r), respectively. When necessary, the subscript i will be replaced by 

Ai, W will be denoted WN  or WN
A  and w will be denoted wA. 
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A random vector X is comonotonic if and only if there are non-decreasing functions fi, i ∈ IN 

implies that the sequence X1, ..., XN is lower comonotonic. 

2.2 Risk Measures 

 
In this section, we review some desirable properties of risk measures required for our anal- 

ysis. For more details about these properties and for other desirable properties, readers are 

referred to the works of Pedersen and Satchell (1998), Artzner et al (1999), Song and Yan 

(2006), Song and Yan (2009), Sereda et al (2010), Föllmer and Schied (2010) and Wei, Ma, 

and Hu (2015). 

Let Q denote a risk measure on .4 More formally, Q is a mapping defined from into R, 

which satisfies a subset of the following set of desirable properties: 

 

(a) Monotonicity: for all X, Y , if X Y , then Q X Q Y ; 

(b) Sub-additivity : for all X, Y , Q X Y Q X Q Y ; 

(c) Convexity: for all X, Y , λ 0, 1 , Q λ X 1 λ Y λ Q X 1 λ Q Y ; 

(d) Quasi-convexity : for all X, Y , λ 0, 1 , Q λ X 1 λ Y max Q X , Q Y ; 

(e) Comonotonic additivity: for comonotonic X, Y , Q X Y Q X Q Y ; 

(f) Non-additivity for independence: for independent X, Y ∈ R, Q (X + Y ) ≠ Q (X) + 

(g) Translation invariance: for all a R, X and η 0, Q X a Q X η a; 

(h) Positive homogeneity : for all κ R, X and b 0, Q b X bκQ X ; 

(i) Law invariance: if X, Y are identically distributed, denoted by X = Y , then Q(X) ≤ 

(j) Positivity : for all nonconstant X, Q X 0 and for all constant X, Q X 0. 

(k) Reverse lower comonotonic additivity :  for Xi ∈ R, i = 1, ..., N , Q (∑N
=1 Xi) = ∑N

=1 Q (Xi) 
 

 

 

and  a  random  variable  X  such  that  X =
d  

(f1(X), ..., fN (X)),  where  =
d
 

 

stands for “equally 
 

 
 

corresponds to an extreme form of positive dependency. All returns are driven positively, 

linearly or nonlinearly by a unique factor. For more details about the concept of comono- 

4Note that Q(.) = Var(.) in the case of the variance risk measure. 

distributed” (see Dhaene, Vanduffel, and Goovaerts, 2008). Intuitively, comonotonicity 
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( ) 

tonicity and its applications in finance, we refer readers to Dhaene et al (2002 a,b). 

 
In a real-world environment, asset returns are usually not comonotonic, but can be comono- 

tonic in the tails, as observed during the 2007-2009 financial crisis. The concept of upper 

comonotonicity was introduced and investigated by Cheung (2009). A random vector X 

is upper comonotonic if and only if X exhibits comotonicity behavior in the upper tail. 

Lower comonotonicity is the opposite: a random vector X is lower comonotonic if and only 

if its opposite X is upper comonotonic. We refer readers to Nam, Tang, and Yang (2011), 

Dong, Cheung, and Yang (2010) and Hua and Joe (2012) for more details on the concept 

of upper comonotonicity. 

The property (a) is a natural requirement for a reasonable risk measure. The properties (b), 

(c), (d), (e) and (f) capture the diversification effect. The property (b) states that “a merger 

does not create extra risk” (Artzner et al, 1999). The properties (c) and (d) imply that 

diversification should not increase risk. The property of (e) implies that there is no benefit 

in terms of risk reduction to diversifying across comonotonic risks. The property (f) rules 

out the possibility that the pooling of independent risks does not have a diversification 

effect.   The property (g) states that risk can be reduced by adding cash, except in the 

case where η 0. The property (i) states that a risk measure Q X depends only on the 

distribution of X i.e. Q X Q FX . The property (h) states that a linear increase of the return 

by a positive factor leads to a non-linear increase in risk, except in the case where κ   1. 

The property (j) captures the idea that Q . measures the degree of uncertainty in 

X. The property (k) requires that if Q   N
1 Xi is additive, then risks X1, ..., XN are lower 

comonotonic. In other words, if the benefit of diversification is exhausted, then risks are 

lower comonotonic. 

Q . is called a coherent risk measure (see Artzner et al, 1999) if it satisfies (a), (b), (g) 

and  (h)  (with  κ    1).  Q .   is  called  a  convex  risk  measure  (see  Föllmer  and  Schied,  2002; 

Frittelli and Gianin, 2002, 2005), if it satisfies (a), (g) and (c). Q . is called a deviation 

risk measure (see Rockafellar, Uryasev, and Zabarankin, 2006), if it satisfies (b), (g) (with 

η = 0), (h) (with κ = 1) and (j). 
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( ) 

( ) 

−∞ 
0 

0 
0 

2.3 Rank-Dependent Expected Utility Theory 

 
In this section, we review rank-dependent expected utility (RDEU) theory. We will use it 

to rationalize our axioms. 

RDEU theory is one of the most promising non-expected utility theories in the literature. 

It is a generalized utility theory that embeds expected utility theory and Yaari’s (1987) 

Dual Theory. It was first proposed by Quiggin (1982) under the name of anticipation utility 

theory and was further studied by many economists (see Abdellaoui, 2002; Chateauneuf 

and Wakker, 1999; Chew and Epstein, 1989; Chew, Epstein, and Wakker, 1993; Nakamura, 

1995; Quiggin and Wakker, 1994; Segal, 1989, 1993 a,b; Wakker, 1994; Wakker and Tversky, 

1993). It successfully explains many phenomena and paradoxes that are puzzling within 

the framework of expected utility theory, such as the Allais paradox, the simultaneous 

risk-averse and risk-seeking behavior, and the poor diversification and low stock market 

participation of households. 

Preferences in RDEU theory are characterized by two elements: an outcome utility function, 

as in expected utility theory, and a probability weighting function, as in Yaari’s (1987) dual 

utility Theory. More formally, assume that has RDEU theory representation. Then, from 

Denuit et al (2006) (see also Tsanakas and Desli, 2003), 

 
Ri c Rj ⇐⇒ E(u,h)(w0(1 + Ri)) ≥ E(u,h)(w0(1 + Rj)), (1) 

 
 

where 
 

 
E( )(w0(1 + R)) = J   

0  

(h (F u(w  (1+R))(r)) − 1) dr + J   
∞ 

h (F u(w  (1+R))(r)) dr, (2) 

 

with w0 the investor’s initial wealth, u .  being a continuous, strictly increasing utility func- 

tion and unique up to positive affine transformations, and h . being a unique, continuous 

and strictly increasing distortion function from [0, 1] into [0, 1] satisfying h(0) = 0 and 

u,h 
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concave and h(x) ≠ x). 

( ) 

( ) ≤ ( ) ≥ ∀ ∈ [ ] 

( ) ∈ [ ] (  ) = ≥ 

h(1) = 1.  E(u,h)(w0(1 + R)) can also be rewritten as follows 

E(u,h)(w0(1 + R)) = J   
∞ 

u(w0(1 + r))dh (FR(r)) , (3) 

with h(.) being a conjugate distortion function of h(.) such that h(x) = 1 − h(1 − x). 

If the support of the random variable R is a finite set, E(u,h)(w0(1 + R)) can be written as 

E(u,h)(w0(1 + R)) = u (w0(1 + r1)) + Σ (u (w0(1 + ri)) − u (w0(1 + ri−1))) h(vi−1) (4) 

 

with vi =   T
=i+1 pj = P (R > ri). 

It  is  easy  to  verify  that  when  h .   is  linear  i.e.   h x      x,  E u,h    w0  1     R    reduces  to 

expected utility theory.  While when u .   is linear i.e.  u x     x, E u,h    w0  1    R    reduces to 

Yaari’s (1987) dual utility function.  In the rest of the paper, we assume that w0    1. 

The investor’s risk profile in RDEU theory is characterized by some conditions on u . and 
 

h . or h . . In this paper, we recall only the conditions about investor risk aversion: 

(i) the investor with differentiable functions u . and h . (or equivalently h . ) is 

weakly risk averse (i.e. risk averse in the sense of Eh R Eh E R E R ) if 

(a) k 1 such that u
′  
x ku(x)−u(y) , x y; and 

(b) h x x, x 0, 1 (or equivalently h x x, x 0, 1 ). 

(ii) the investor is strongly risk averse (i.e. risk averse in the sense of mean preserving 

spread as defined by De Giorgi and Mahmoud (2016 a, Definition 9, pp. 152)) if 

and only if u(.) is concave and h(.) is convex and h(x) ≠ x (or equivalently h(.) is 

In particular, 

 
(i) the investor whose u . is concave is weakly risk averse if and only if he/she is 

weakly pessimistic under risk i.e. h x x or h x x, x 0, 1 . 

(ii) the investor whose u . is concave and satisfies for x  0, 1 , u x   xn, n  1 is weakly 

risk averse if and only if h(x) ≤ xn or h(x) ≥ 1 − (1 − x)n, ∀ x ∈ [0, 1]. 
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For more details on risk attitude in RDEU theory, we refer readers to Cohen (1995) and 

Ryan (2006). 

3 Axioms 
 

We now present and discuss a set of minimum desirable axioms that a measure of portfolio 

diversification must satisfy in order to be considered coherent. The next section provides 

the decision-theoretic foundations for these axioms. Let us first introduce the definition of 

a portfolio diversification measure. 

How can we define a diversification measure of a portfolio w? Although there is no unique 

definition of diversification in portfolio theory, it is recognized that the diversification in- 

terest variable (the distribution of portfolio weight w) and benefit (the reduction of risk or 

uncertainty) are unique. Let Φ be a continuous measure of portfolio diversification. In the 

case where the investor is risk averse and has complete information about the joint distribu- 

tion of asset returns R, it is natural to represent Φ as a mapping from W into R assigning 

to each w a real value Φ w R R, with Φ w R representing the degree of diversification 

of w conditional to R explicitly or implicitly. The form of the function Φ . R depends on 

some properties of the portfolio diversification measure. 

In the case where the investor has no information about R, Φ can also be represented as a 

function of w i.e. Φ w , and be used to capture the effect of naive diversification. 

Let us now introduce our set of desirable axioms. There is no loss of generality in assuming 

that the well-diversified portfolio of Φ w R , denoted w∗, is obtained by maximization. 

Therefore, given a measure Φ, we say that “portfolio w1 is more diversified than portfolio 

w2” if and only if Φ w1 R   Φ w2 R . 

 
Our first axiom formalizes investors’ preference for diversification over W. This axiom was 

first formulated in Carmichael, Koumou, and Moran (2015) and is expressed in 

CONCAVITY (C). For each w1 and w2 ∈ W, α ∈ [0, 1] and R ∈ RN , 

Φ (α w1 + (1 − α) w2|R) ≥ α Φ (w1|R) + (1 − α) Φ (w2|R) (5) 
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with strict inequality for at least one α. 
 
 

Concavity implies that holding different assets increases total diversification. It also ensures 

that the diversification is always beneficial and can be decomposed across asset classes. 

Concavity can be replaced by a less restrictive axiom. 

 
QUASI-CONCAVITY (QC). For each w1 and w2 ∈ W, α ∈ [0, 1] and R ∈ RN , 

Φ (α w1 + (1 − α) w2|R) ≥ min (Φ (w1|R) , Φ (w2|R)) (6) 

with strict inequality for at least one α. 

Our next axiom is complementary to Concavity. It is favored by Carmichael, Koumou, and 

Moran (2015) and is expressed in 

SIZE DEGENERACY (SD). There is a constant (for a normalization) Φ R such that for 
 

Φ (δi|R) = Φ for each i ∈ IN . (7) 

Size Degeneracy imposes that all single-asset portfolios are equally desirable in terms of 

diversification. Size Degeneracy together with Concavity imply that diversification is always 

better than full concentration or specialization; formally for each R ∈ RN and for each w ∈ W 

Φ (δi|R) ≤ Φ (w|R)  for each i ∈ IN . (8) 

Size Degeneracy therefore strengthens investors’ preference for diversification materialized 

by Concavity. It guarantees that w∗, the well-diversified portfolio of Φ w R , is a diversified 

portfolio when Φ w R satisfies Concavity. Clearly, the two axioms are necessary to prevent 

portfolio concentration on one asset from going undetected. 

 
Our next axiom formalizes the behavior of Φ w R when R is homogeneous in the sense 

of perfect similarity. It is expressed in 

each R ∈ RN , 



17 
 

A = { }  =∈I 

(  | ) = R 

∈ ≠ ∈ I > ∈ 

I 

(    |    )  = = ( )I  

 ∈I+   

 + 
I = {  | > }+ 

( ) 

∈ R ( + ) = (   ) + (  ) ( ) 

 

RISK DEGENERACY (RD). Let Ai i N be a universe of N assets such that Ai 

A, for each i ∈ IN . Then, for each w ∈ W 

Φ (w|R) = Φ. (9) 

Risk Degeneracy ensures that there is no benefit to diversifying across perfectly similar 

assets. Such diversification is equivalent to full concentration. Risk Degeneracy is also nec- 

essary to keep portfolio concentration from going undetected. Risk Degeneracy generalizes 

Carmichael, Koumou, and Moran’s (2015, Property 2) axiom of degeneracy relative to dis- 

similarity, which states that “a portfolio formed solely with perfectly similar assets must 

have the lowest diversification degree.” 

Our next axiom is complementary to Risk Degeneracy and is expressed in 
 

REVERSE RISK DEGENERACY (RRD).  Consider the relation Φ  w R Φ on for each 

w W such that w δi, i N and without loss of generality assume that wi 0,  for each i 

N . Assume that a solution exists and is denoted as R∗. Then R∗ must be lower comono- 

tonic. Note that R∗ can be different from R. 

Reverse Risk Degeneracy is also necessary to prevent undetected portfolio concentration. 

It states that when Φ w R      Φ with w a diversified portfolio, R Ri i or its 

transformation is necessarily lower  comonotonic, where i wi 0 . The following 

example is provided to get a better sense of the importance of Reverse Risk Degeneracy. 

 

EXAMPLE 1 (EMBRECHTS, FURRER, AND KAUFMANN’S (2009) CLASS OF MEASURES). 

Consider Embrechts, Furrer, and Kaufmann’s (2009) class of diversification measures (see 

diversification measure (iii) in Section 5) when the risk measure Q . is additive for indepen- 

dence i.e for independent X, Y , Q X Y Q X Q Y . This is the case when Q . is 

the mixed Esscher premium or the mixed exponential premium analyzed in Goovaerts et al 

(2004). In that case, according to Embrechts, Furrer, and Kaufmann’s (2009) class of 

diversification measures, any portfolio with independent asset returns and single-asset 

portfolios would have the same degree of diversification, which is counterintuitive. Reverse 
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Risk Degeneracy rules out this sub-class of Embrechts, Furrer, and Kaufmann’s (2009) and 

Tasche’s (2006) diversification measures. 

 
Our next axiom is the formalization of the property of duplication invariance of Choueifaty, 

Froidure and Reynier (2013) analyzed in Carmichael, Koumou, and Moran (2015). It is 

expressed in 

DUPLICATION INVARIANCE (DI).  Let + A+
i   i   N   1    be  a  universe  of  assets  such  that 

A+
i  = Ai,  for each i ∈ IN  and A+

N +1  = Ak,  for k ∈ IN .  Then 

Φ(wA
∗ |RA) =Φ(wA

∗ 
+ |RA+ ) (10) 

wA
∗ 
i  

=wA
∗ 

+
i    

for each i ≠ k, i ∈ IN (11) 

wA
∗ 

k  
=wA

∗ 
+
k  

+ wA
∗ 

+
N +1 

. (12) 

The reasonableness and relevance of Duplication Invariance is evident. It allows us to 

avoid risk concentration by ensuring that the optimal diversified portfolio is not biased 

toward multiple representative assets. It is necessary to prevent portfolio concentration 

from going undetected. The following example is provided to demonstrate the importance 

of Duplication Invariance. 

EXAMPLE 2 (CASE N  2). Consider the case where N  2. In that case A1, A2  and 

+ A1, A2, A+
3 such  that  A+

3 A1.   Duplication  Invariance  states  that  (i) the  

optimal degree of diversification of and  + must be equal; (ii) the optimal 

weight of A2 in must be equal to the sum of the optimal weights of A2 and A+
3  in A+. 

Our next axiom formalizes the relationship between diversification and portfolio size. It is 

expressed in 

SIZE MONOTONICITY (M).  Let ++ A+
i 

+  
i   N   1   be a universe of assets such that A+

i 
+

 

Ai,  for each i ∈ IN  and A+
N

+
+1  ≠ Ai,  for each i ∈ IN .  Then 

Φ(wA
∗ 

++ |RA++ ) ≥ Φ(wA
∗ |RA). (13) 
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Size Monotonicity is natural in the portfolio diversification literature (see Carmichael, 

Koumou, and Moran, 2015; Evans and Archer, 1968; Rudin and Morgan, 2006; Vermorken, 

Medda, and Schroder, 2012). It reveals that portfolio diversification is a non-decreasing 

function of portfolio size. 

Our next axiom is an adaptation of the translation invariance axiom of risk measures. It is 

expressed in 

TRANSLATION INVARIANCE (TI). Let     a   Ai  a i N  be a universe of assets such that 

RAi+a = RAi + a, for each i ∈ IN , a ∈ R. Then for each w ∈ WA = WA+a, 

Φ (w|RA+a) = Φ(w|RA). (14) 

The desirability of Translation Invariance comes from the translation invariance risk mea- 

sure axiom. It implies that adding the same amount of cash to asset returns does not change 

the degree of portfolio diversification. Consider the translation invariance risk measure ax- 

iom. Assume that η 0. In that case, adding the same amount of cash to asset returns does 

not affect the degree of portfolio risk. The degree of portfolio diversification is not affected 

either. Now, assume that η 0. In that case, adding the same amount of cash to asset 

returns reduces portfolio risk, but does not affect the degree of portfolio diversification. 

However, when risk is defined as a capital requirement or a probability of loss (for example 

Expected Shortfall or Conditional Value-at-Risk), Translation Invariance can be seen as 

counterintuitive. As an illustration, consider the case where risk Q . is defined as a capital 

requirement verifying the property of translation invariance. Assume that a   ę(w
tR) 

with 

η   0. Then Q wTR   a    0, but Φ w R    a    Φ w R       0. This counterintuitive result can 

be viewed as over diversification, and can be interpreted as an extreme precaution 

against extreme risk. 

In the case where Φ . R is a normalized measure, i.e. when Φ w R can be rewritten as 

follows 

Φ(w|R) = 
Φ̃(w|R) 

, (15) 
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Φ(w|R) = 

Φ̃(w|R) −
T

Q(wTR) 
, (16)

 
 

 

Q(w R) 
 

with Φ . R a portfolio diversification measure such that Φ w R a Φ w R , Translation 

Invariance must be replaced by the following axiom. 

TRANSLATION INVARIANCE-2 (TI2).  Let a Ai a i N be a universe of assets such 

that RAi+a = RAi + a, for each i ∈ IN with a ∈ R. Then for each w ∈ WA+a 

∂Φ(w|RA+a) 
≥0, (17) 

a→lim
−∞ 

Φ(w|RA+a) =Φ, (18) 

a→lim
+∞ 

Φ(w|RA+a) =Φ, (19) 

lim 
q w  R 

η 

q w  R 

η 

 

lim 
q w  R 

η 

q w  R 

η 

Φ(w|RA+a) = − ∞, (20) 

 
Φ(w|RA+a) =∞. (21) 

 
 

The idea behind Translation Invariance-2 is as follows. Equation (17) states that adding 

cash increases the diversification benefit. This is because adding cash reduces the total risk 

Q . and does not affect diversification Φ . R . Equations (18) and (19) ensure that when cash 

converges to or , the diversification benefit vanishes because the whole system becomes 

homogeneous. Equations (20) and (21) capture the overdiversification behavior of Φ . R 

when risk converges to 0 and diversification becomes unnecessary. 

Our next axiom is an adaptation of the positive homogeneity axiom of risk measures. It is 

expressed in 

HOMOGENEITY (H). Let b    bAi i N   be a universe of assets such that RbAi       b RAi, for 

each i ∈ IN with b ≥ 0. Then there exists κ ∈ R such that for each w ∈ WA = WbA 

Φ(w|RbA) = bκΦ(w|RA). (22) 
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w when R1, ..., RN are exchangeable. As a result, Φ(w|R) must be a measure of naive 

The desirability of Homogeneity comes naturally from the homogeneous property of the 

risk measure. It requires that Φ w Rb depend on the scalability of R. This dependence is 

linear when κ 1 and nonlinear when κ 1 and κ 0. In the case where Φ . R is a normalized 

measure, κ must be equal to zero, which ensures that Φ . R must not depend on 

scalability. 

Our last axiom presents the behavior of Φ w R when R1, ..., RN are exchangeable random 

variables.5 It is expressed in 

SYMMETRY (S). If R1, ..., RN are exchangeable, then Φ(w|R) is symmetric in w. 

Symmetry states that a portfolio diversification measure must be symmetric in w if R1, ..., RN 

are exchangeable. The idea behind Symmetry is that the exchangeable random variables 

imply homogeneous risks. Thus, the decision maker must be indifferent in terms of diver- 

sification between w and Πw, where Π is a permutation matrix. 

 
From Marshall, Olkin, and Arnold (2011, C.2. and C.3. Propositions, pp 97-98), Symmetry 

and Concavity or Quasi-Concavity taken together imply that Φ w R is Schur-concave in 

 

diversification and the optimal diversified portfolio w∗ must be the naive portfolio 1 when 

R1, ..., RN are exchangeable. This result is consistent with the principle that the exchange- 

ability assumption on R1, ..., RN is equivalent to the assumption that the decision maker 

has no information about asset risk characteristics R. Moreover, Symmetry and Concavity 

or Quasi-Concavity taken together imply the axiom of market homogeneity analyzed in 

Meucci, Santangelo, and Deguest (2014, Example 1, pp 4). 

REMARK 1. In the case where the well-diversified portfolio of Φ w R , w∗, is obtained by 

minimization: (i) the inequality in (5) is replaced by the inequality (Concavity becomes 

convexity), (ii) the inequality and the function min . in (6) are replaced by the inequality and 

the function max(.) (Quasi-Concavity becomes quasi-convexity), and (iii) the inequality 

5The random variables R1, ..., RN  are said to be exchangeable if and only if their joint 
distribution FR  r is symmetric. A well-known example of an exchangeable sequence of 
random variables is an independent and identically distributed sequence of random variables. 
For more details on exchangeable random variables, we refer readers to Aldous (1985). 
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preference for diversification if for any Ri ∈ R and αi ∈ [0, 1], i ∈ IN  such that ∑N
=1 αi = 1, i 

4 Rationalization 
 

This section studies the rationality of our axioms with respect to rank-dependent expected 

utility theory (RDEU). The objective is to provide an economic foundation for our axioms. 

4.1 Methodology 

Our rationalization strategy does not consist of testing the RDEU function E u,h . against 

our axioms, because E u,h . is not a measure of portfolio diversification. Instead, we 

examine the compatibility of our axioms with investors’ preference for diversification (PFD) 

in RDEU theory. We proceed in two steps. First, we identify the measure of portfolio 

diversification at the core of RDEU theory. Our identification procedure is based on the 

notion of PFD in RDEU theory. There are several notions of PFD in RDEU theory (see De 

Giorgi and Mahmoud, 2016 a). We consider the notion of PFD introduced by Dekel (1989) 

and extended later by Chateauneuf and Tallon (2002) and Chateauneuf and Lakhnati (2007) 

to the space of random variables. Let be the preference relation over of a decision maker 

(i.e., an investor). This notion of PFD is defined as follows. 

 
DEFINITION 1 (PREFERENCE FOR 
DIVERSIFICATION). 

The preference relation c exhibits 
 

 

N 

R R ... R α R R for each j , (23) 
i=1 

where =⇒ stands for “implies”. 

Definition 1 states that if assets are equally desirable, then the investor will want to diversify. 

This notion of PFD is equivalent to the notion of risk aversion in expected utility theory 

and to the notion of strong risk aversion (i.e. risk aversion in the sense of mean-preserving 

spread as defined by De Giorgi and Mahmoud (2016 a, Definition 9, pp. 152)) in RDEU 

theory. 

Let QC 
u,h    

1    R    C u,h   1    R be a risk measure induced by the certainty equivalent C 

u,h    1    R of E u,h    1    R and Qπ 
u,h     

1    R     π u,h     1    R be a risk measure induced by the 

risk premium π(u,h)(1 + R) of E(u,h)(1 + R). π(u,h)(1 + R) can be obtained as 
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Rj) for each j ∈ IN 

Ql (1 + Σ αi Ri) ≤ Σ αjQl(1 + Rj)   for each l ∈ {C(u,h), π(u,h)}. (24) 

l 
i=1 i=1 

π(u,h)(R) = E(R) − C(u,h)(R). Definition 1 is equivalent to the following. 

 

DEFINITION 2 (PREFERENCE FOR DIVERSIFICATION: EqUIVALENCE). The preference re- 

lation shows a preference for diversification if for any Ri and αi 0, 1 , i N such 

that ∑N
=1 αi = 1, the following equivalent conditions are satisfied 

 
 

(i)  E( )(1+R1) = ... = E( )(1+RN ) =⇒ E( ) (1 + ∑N
=1 αi Ri) ≥ E( )(1+Rj) for each j ∈ 

u,h 

IN 

(ii) QC
(u,h)

 

u,h 
 
 
 

(1 + R1) = ... = QC 

 
 
 
 

(u,h) 

u,h 
 
 
 

(1 + RN ) =⇒ QC 

i 

 
 

 
(u,h) 

u,h 
 
 
 

(1 + ∑N
=1 αi Ri)  ≤  QC 

 
 
 
 

(u,h) 
(1 + 

 

 

(iii) Qπ 
 
 

(u,h) 
(1+R1) = ... = Qπ 

 
 

(u,h) 
(1+RN ) =⇒ Qπ 

 
 

(u,h) (1 + ∑N
=1 αi Ri) ≤ Qπ 

 
 

(u,h) 
(1+Rj) for each j ∈ 

IN . 

Because diversification is a risk reduction tool, we focus on parts (ii) and (iii) of Definition 2. 

Multiplying the inequality in (ii) and (iii) by αj and summing over j, we obtain 

 

N N 

i=1 i=1 

 

From (24), in line with Embrechts, Furrer, and Kaufmann (2009) (see item (iii) on page 29), 

the gain of diversification in the RDEU theory can be measured by the difference 

 

N N 

Q (w|R) = Σ wiQl(1 + Ri) − Ql (1 + Σ wi Ri)   for each l ∈ {C(u,h), π(u,h)}. (25) 

 

 
Next, we test the identified measure Q w R against our axioms. We distinguish three 

l 

cases: (i) h . linear i.e. h p    p; (ii) u . linear i.e. u x    x; and (iii) h . and u non linear. 

The case h . and u . linear is ignored because it is irrelevant for risk aversion. In each 

case, we assume that u . is concave and h . is convex or h . is concave, to be 

consistent with our considered notion of preference for diversification (see De Giorgi 

and Mahmoud, 2016 a, Proposition 13). If the identified measure Q w R satisfies our 
l 

axioms, we consider that our axioms are rationalized by RDEU theory. Our definition of 

compatibility of our axioms with PFD in RDEU theory is therefore as follows. 
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DEFINITION 3 (COMPATIBILITY WITH PFD IN REDU THEORY). Our axioms are compat- 

ible with PFD in RDEU theory if and only if they are satisfied by Q 
( ) 

(w|R) or Q 
( ) 

(w|R). 

4.2 Results 
 

4.2.1 h . linear: Expected Utility Theory 

Let us first study the rationality of our axioms with respect to RDEU theory in the case 

where h . is linear. In that case, RDEU theory reduces to expected utility (EU) theory. 

More formally, 

E(u,h)(1 + R) = J  
∞ 

u(1 + r)dFR(r). (26) 

Two cases are considered: small risk in the sense of Pratt (1964) and the location-scale 

family of distributions. 

4.2.1.1 Risk is small In this case, we assume that risk is small in the sense of Pratt 

(1964) i.e. is measured by variance (σ2, for each i ∈ IN ). It follows that the approximation 

 

of the local risk premium of u(.) is π (X)   1 Var(X)k(1 + E(X)), where k(x) = − 
u

′′ 
(x) 

is 

the measure of local risk aversion of u . in a small risk scenario. It follows that Q 
Cu 

 
   

(w|R) = 

−Q (w|R) = 1 (∑N
=1 wiσ2k(1 + µi) − σ2(w)k(1 + µ(w))). 

 
 

We refer to this compatibility as local compatibility. The following proposition establishes 

the necessary and sufficient conditions. 

 

PROPOSITION 1 (LOCAL COMPATIBILITY WITH PFD IN EU 
THEORY: 

SMALL 
RISK). 

If risk 

is small, then Q w R satisfies our axioms if and only if the absolute risk aversion of 

u(.) is constant; formally, k(x) = − 
u

′′ 
(x) 

= c, c ∈ R, where u
′ 
(.) and u

′′ 
(.) are the first and 

second derivatives of u(.). 

From Proposition 1, we therefore have the following result. 

 
COROLLARY 1 (RATIONALIZATION WITH RDEU 
THEORY: 

SMALL 
RISK). 

Our axioms are 

rationalized by RDEU theory if h . is linear, risk is small and the absolute risk aversion of 

u(.) is constant. 

πu 

i i 2 

2 
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The negative exponential utility function, u x exp λx , with λ 0 the investor’s risk- 

aversion coefficient, is the only known example of a concave utility function that implies 

constant absolute risk aversion. Thus, if risk is small, our axioms can be rationalized by 

RDEU theory if and only if u . is the negative exponential utility function. 

4.2.1.2 Location-Scale Family of Distributions In the second case, we assume that 

each distribution of asset returns belongs to the location-scale family. This family of 

distribu- tions includes the normal distribution, the student’s t-distribution and all other 

elliptical distributions. For more details see Meyer (1987). The following proposition 

establishes the necessary and sufficient conditions. 

PROPOSITION 2 (COMPATIBILITY WITH PFD IN EU THEORY: LOCATION-SCALE FAMILY). 

If each asset return distribution belongs to the location-scale family, then Q 
Cu 

(w|R) satisfies 

our axioms if and only if the certainty equivalent has the following additive separable form 
 
 

Cu(R) = µ − g(σ) (27) 

for a strictly increasing continuous and homogeneous function g(.) on R+. 

From Proposition 2, we therefore have the following result. 

 
COROLLARY 2 (RATIONALIZATION WITH RDEU 
THEORY: 

LOCATION-SCALE 
FAMILY). 

Our 

axioms are rationalized by RDEU theory if each asset return distribution belongs to the 

location-scale family and the certainty equivalent has the additive separable form in (27). 

 
Below, we present an example of location-scale distribution and utility function for which 

Proposition 2 is valid. 

 

EXAMPLE 3 (NORMAL DISTRIBUTION AND NEGATIVE EXPONENTIAL UTILITY).  Assume that 

the asset returns are normally distributed and the utility function is negative exponential. 
 

One can show that 

Cu(R(w)) = wTµ − λσ2(w). (28) 
 
 

Proposition 2 also implies that our axioms can be rationalized by the additive separable 
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1999). 

mean-variance utility functions (including Markowitz’s (1952) mean-variance utility) ax- 

iomatized by Nakamura (2015, Theorem 4., pp. 544). 

Propositions 1 and 2 jointly represent the necessary and sufficient conditions of our axioms 

to be compatible with PFD in EU theory. In Propositions 1 and 2, we have compatibility 

only when risk is measured by variance, so the conditions might be thought to be restrictive, 

thereby considerably weakening the desirability of our axioms. However, this is not the case, 

because the majority of our axioms remain compatible with PFD in EU theory when we 

consider  other  standard  utility  functions.   For  example,  exploiting  the  results  in  Müller 

(2007), if we consider the negative exponential utility with a non-Location-Scale family of 

distributions, one can verify that Q 
Cu 

(w|R) satisfies all the axioms except Homogeneity. 

In the case of the power or logarithmic utility function, one can verify that Q 
Cu 

(w|R) 

satisfies all the axioms, except Concavity, Quasi-Concavity, Translation Invariance and 

Homogeneity. Moreover, as we show in the next two subsections, our axioms are also 

relevant when risk is not completely captured by the variance. 

4.2.2 u . linear:Yaari’s (1987) Dual Utility Theory 
 

Now, assume that u . is linear i.e. u x x. In that case RDEU theory reduces to Yaari’s 

(1987) dual utility (DU) theory. More formally 

 

E(u,h)(1 + R) = J  
∞

(1 + r)dh (FR(r)) . (29) 

The certainty equivalent C u,h . is E u,h . itself (see Yaari, 1987, pp. 101) and the risk 

premium is π(u,h)(1 + R) = E(1 + R) − E(u,h)(1 + R) (see Denuit, Dhaene, and Van Wouwe, 

 

Proposition 3 examines the compatibility of our axioms with PFD in DU theory. 

 
PROPOSITION 3 (COMPATIBILITY WITH PFD IN DU THEORY). Our axioms are satisfied 

 

by Q
C

(u,h) 

(w|R)  and Q
π

(u,h) 

(w|R)  if and only if h(.)  is convex or h(.)  is concave. 

From Proposition 3, we therefore have the following result. 
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COROLLARY 3 (RATIONALIZATION WITH RDEU THEORY). Our axioms are rationalized by 
 

RDEU theory if the utility function u . is linear and the distortion function h . is convex or 

equivalently the conjugate distortion function h(.) is concave. 

4.2.3 u . and h . nonlinear 
 

Finally, assume that the utility function u .  and the distortion function h .  or the conju- 

gate distortion function h(.) are nonlinear. In that case, the certainty equivalent is 

C
(u,h 

)(1 + R) = u−1 (J 
∞ 

u(1 + r)dh (FR(r))) . (30) 

 

The risk premium based on C(u,h)(1 + R) is π = E(1 + R) − C(u,h)(1 + R). 

Assume further that u . and h . are continuously differentiable. Then, E u,h   1 R can 

be interpreted as an expected utility 

 

E(u,h)(1 + R) = J 
∞ 

u(1 + r)h
′ 

(FR(r)) d (FR(r)) = E (v(1 + R)) , (31) 

with v x u x h
′ 
FX x . The results of Subsubsection 4.2.1 (Propositions 1 and 2) can 

therefore be applied to E(u,h)(1 + R) with u(.) and h(.) or h(.) nonlinear. 

Applying Proposition 1 to E(u,h)(1 + R) = E (v(1 + R)), we obtain Proposition 4. 
 

PROPOSITION 4 (LOCAL COMPATIBILITY WITH PFD IN RDEU THEORY: SMALL RISK). 

If risk is small, then Q 
( 

) 

(w|R) satisfies our axioms if and only if the absolute risk aver- 
 

 

 
 C 

u,h 

sion of v(.) is constant; formally, k(x) = − 
v

′′ 
(x) 

= c, c ∈ R, where v
′ 
(.) and v

′′ 
(.) are the first and second derivatives of v(.). 

From Proposition 4, we therefore have the following result. 

 
COROLLARY 4 (RATIONALIZATION WITH RDEU 
THEORY: 

SMALL 
RISK). 

Our axioms are 

rationalized by RDEU theory if u . and h . are nonlinear, risk is small and the absolute risk 

aversion of v(.) is constant. 

Below we present an example of v(.) with constant absolute risk aversion. 
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∫ 
x exp(−βF −

1(t))dt 

∫ 
1 exp(−βF −

1(t))dt 

C 
u,h 

isfies our axioms if and only if the certainty equivalent has the additive separable form in 

∫ 
x exp(−βF −

1(t))dt 

∫ 
x exp(−βF −

1(t))dt 

∫ 
1 exp(−βF −

1(t))dt 

0 R 

EXAMPLE 4 (v(.) WITH CONSTANT ABSOLUTE RISK AVERSION). Assume that 
 

(i) u . is the negative exponential utility function: u x exp λx with λ 0; 

(ii) h(.) is: h(x) = 0 R with β > 0 a parameter capturing the degree of 
  

concavity of h(x); 

One can verify that h(x) is a strictly increasing concave function, and 

v(1 + r) = u(1 + r)h
′ 

(FR(r)) = − exp(−λ(1 + r)) exp(−βr) = − exp(−λ) exp(−(λ + β)r) (32) From 

(32), it is clear that the absolute risk aversion of v(.) is constant. 

Applying Proposition 2 to E(u,h)(1 + R) = E (v(1 + R)), we obtain Proposition 5. 

 

PROPOSITION 5 (COMPATIBILITY WITH PFD IN RDEU THEORY: LOCATION-SCALE 
FAMILY). 

If each asset return distribution belongs to the location-scale family, then Q 
( ) 

(w|R) sat- 

 
 

Equation (27). 
 
 

From Proposition 5, we therefore have the following result. 

 
COROLLARY 5 (RATIONALIZATION WITH RDEU 
THEORY: 

LOCATION-SCALE 
FAMILY). 

Our 

axioms are rationalized by RDEU theory with u . and h . being nonlinear if each asset return 

distribution belongs to the location-scale family and the certainty equivalent has the additive 

separable form in (27). 

 
Below, we present an example of location-scale distribution, utility function u . and con- 

jugate distortion function h(.) for which Proposition 5 is valid.    

EXAMPLE 5 (NORMAL DISTRIBUTION, u(x) = − exp(−λx) AND h(x) = 0 R ). 
 
 

 
∫ 

1 
exp(−βF −1(t))dt 

 

(i) u . is the negative exponential utility function: u x exp λx with λ 0; 

(ii) h(.) is: h(x) = 0 R with β > 0 a parameter capturing the degree of 
  

concavity of h(x); 
R 0 

Assume that 

R 0 
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(iii) R w is a continuous normal random variable. 

 
From Example 4, 

 
 

v(1 + r) = u(1 + r)h
′ 

(FR(r)) = − exp(−λ(1 + r)) exp(−βr) = − exp(−λ) exp(−(λ + β)r) (33) In 

that case, one can show that 

C
(u,h 

)(R(w)) = wTµ − (λ + β)σ2(w), (34) 

 

where λ + β is the coefficient of risk aversion. 

5 Existing Diversification Measures 
 

In this section, we explore whether some useful methods of measuring correlation diversifica- 

tion satisfy our axioms. We consider the four correlation diversification measures used most 

frequently on the marketplace and by academic researchers in both finance and insurance: 

(i) Portfolio variance 
 
 

 
(ii) Diversification ratio (DR) 

σ2(w|R) = wT Σw. 

 
DR(w|R) = √ 

wT σ 
. 

 
 

(iii) Embrechts, Furrer, and Kaufmann’s (2009) class of measures 

 
N 

D   w R Q w R Q w R . 
i=1 

 

 
(iv) Tasche’s (2006) class of measures 

 
DR (w|R) = 

Q (wTR) 
. 

 

ę 
∑

N
=
 

Q(w R ) 

 

Portfolio variance is the risk measure in the mean-variance model. It is usually used to 
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quantify the benefit of diversification (Markowitz, 1952, 1959; Sharpe, 1964), and is formally 

analyzed as a portfolio diversification measure by Frahm and Wiechers (2013). 

The diversification ratio (DR) is a diversification measure introduced by Choueifaty and 

Coignard (2008); see also Choueifaty, Froidure and Reynier (2013). An intuitive interpreta- 

tion of the DR is the Sharpe ratio when each asset’s volatility is proportional to its expected 

premium, i.e. E Ri RN δσi, for each i N 1 where δ 0 and RN is the return of the 

risk-free asset. 

 
Embrechts, Furrer, and Kaufmann’s (2009) class (Dę) is the class of diversification measures 

induced by a risk measure Q . . An intuitive interpretation can be provided for Dę when 

Q(.) is homogeneous of degree one. In that case, 

Dę(w|R) = Σ wi (Q (Ri) − Q (wTR)) . 

The term in parentheses, Q Ri Q wTR , measures the benefit of diversification, in terms 

of risk reduction, of holding portfolio w instead of concentrating on single-asset i. It follows 

that Dę quantifies the average benefit of diversification. Tasche’s (2006) class of diversifica- 

tion measures (DRę) is a normalized version of Dę. Some authors (see Degen, Lambrigger, 

and Segers, 2010; Mao, Lv, and Hu, 2012) refer to DRę as a measure of concentration risk 

and 1 DRę as a measure of diversification benefit. 

 
The following proposition analyzes these four measures in light of our axioms. 

 

PROPOSITION 6 (COMPATIBILITY WITH EXISTING DIVERSIFICATION MEASURES). The 

fol- lowing statements hold. 

(i) Portfolio variance satisfies our axioms if and only if assets have the same standard 

deviation i.e σi σj, i, j 1, ..., N. 

(ii) The diversification ratio satisfies our axioms. 

(iii) Embrechts, Furrer, and Kaufmann’s (2009) class of measures satisfies our axioms if and 

only if Q . is convex (or quasi-convex), positively homogeneous, translation invariant 

and reverse lower comonotonic additive. 

(iv) Tasche’s (2006) class of measures satisfies our axioms if and only if Q(.) is convex 
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(or quasi-convex), positively homogeneous, translation invariant and reverse lower 

comonotonic additive. 

 
Part (i) of Proposition 6 shows that the portfolio variance satisfies our axioms, but under 

very restrictive (if not impossible) conditions that all assets have identical variances. More 

specifically, portfolio variance satisfies our axioms, except Size Degeneracy, Risk Degeneracy 

and Reverse Risk Degeneracy. This result, rather than weakening our axioms, reveals the 

limits of portfolio variance as an adequate measure of diversification in the mean-variance 

model. 

Part (ii) of Propositions 6 shows that DR is a coherent correlation diversification measure. 

Since the DR coincides with the Sharpe ratio when each asset’s volatility is proportional 

to its expected premium, this result implies that the Sharpe ratio is a coherent correlation 

diversification measure under the above proportionality condition. It is also straightforward 

to verify that if the Sharpe ratio is a coherent correlation diversification measure, then each 

asset’s volatility is proportional to its expected premium. As a result, the Sharpe ratio 

is a coherent correlation diversification measure if and only if each asset’s volatility is 

proportional to its expected premium. 

Parts (iii) and (iv) show that Embrechts, Furrer, and Kaufmann’s (2009) and Tasche’s 

(2006) classes of measures are also coherent, under the conditions that the risk measure Q . 

is convex (or quasi-convex), homogeneous, translation invariant and reverse lower comono- 

tonic additive.6 

Because Embrechts, Furrer, and Kaufmann’s (2009) and Tasche’s (2006) classes of measures 

are diversification measures induced by a risk measure, parts (iii) and (iv) also establish the 

conditions under which a coherent risk measure induces a coherent diversification measure. 

 

COROLLARY 6 (COHERENT RISK MEASURE (ARTZNER ET AL, 1999)).  A coherent risk mea- 

sure induces a coherent diversification measure if and only if the coherent risk measure is 

reverse lower comonotonic additive. 

6Embrechts, Furrer, and Kaufmann’s (2009) and Tasche’s (2006) classes of measures satisfy our axioms 
under  the  same  conditions  because  the  Tasche’s  (2006)  class  of  measures  is  a  normalized  version  of  
the Embrechts, Furrer, and Kaufmann’s (2009) class of measures. 
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Corollary 6 follows from the fact that any coherent risk measure is convex, positively ho- 

mogeneous (with κ 1), translation invariant and all coherent risk measures are not reverse 

lower comonotonic additive. An example of a coherent risk measure that is not reverse 

lower comonotonic additive is the expectation risk measure, i.e. Q X    E X . An exam- 

ple of a coherent risk measure that is reverse lower comonotonic additive is any concave 

distortion risk measure, as implied by Proposition 3. It follows that the Expected Short- 

fall, which is chosen over Value-at-Risk in Basel III (see BCBS, 2013), induces a coherent 

diversification measure in the case of continuous distributions. However, the Conditional 

Value-at-Risk (see Rockafellar and Uryasev, 2000, 2002) induces a coherent diversification 

measure without restrictions. 

Parts (iii) and (iv) of Propositions 6 also imply that the family of deviation risk measures 

of Rockafellar, Uryasev, and Zabarankin (2006) induces a family of coherent diversification 

measures, but not the family of convex risk measures (see Föllmer and Schied, 2002; Frit- 

telli and Gianin, 2002, 2005) and Aumann and Serrano’s (2008) risk measure. Part (iv) of 

Propositions 6 also supports the findings of Salazar Flores et al (2017) that the diversifica- 

tion delta of Vermorken, Medda, and Schroder (2012) is an inadequate measure of portfolio 

diversification. 

The fulfillment of our axioms by the diversification ratio, Embrechts, Furrer, and Kauf- 

mann’s (2009) and Tasche’s (2006) classes of measures, strengthens our axioms. They are 

relevant to a number of measures with which we have considerable experience. In turn, 

several desirability properties of these measures can be rationalized by rank-dependent ex- 

pected utility theory, and their popular use in empirical works and on the marketplace can 

be defended by our axioms. 

6 Representation 
 

To close this paper, we examine whether or not our axioms imply a family of representa- 

tions. As mentioned in Section 3, from Marshall, Olkin, and Arnold (2011, C.2. and C.3. 

Propositions, pp 97-98), Symmetry and Concavity or Quasi-Concavity taken together imply 

that Φ(w|R) is Schur-concave in w when the sequence R1, ..., RN is exchangeable. There- 
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fore, Marshall, Olkin, and Arnold (2011, B.1. Proposition, pp 393) provides the following 

representation form of Φ(w|R) 

 

Φ(w|R) = E (φ(w, R)) , (35) 

where φ w, R satisfies Size Degeneracy, Risk Degeneracy, Reverse Risk Degeneracy, Du- 

plication Invariance, Size Monotonicity, Translation Invariance, Homogeneity, and the fol- 

lowing additional properties 

(1) φ w, R is concave in w for each fixed R   N . 

(2) φ Πw, ΠR   φ w, R for all permutation matrices Π. 

(3) φ w, R is Borel-measurable in R for each fixed w. 

 
Properties (1) and (2) ensure that φ w, R is concave in w and symmetric in w when 

R is exchangeable, therefore satisfying Concavity and Symmetry. Below, we present two 

examples of φ(w, R). 

EXAMPLE 6 (RAO’S QUADRATIC 
ENTROPY). 

 
N 

Consider φ(w, R) such that 

φ(w, R) =  Σ  |(Ri − µi) − (Rj − µj)|q wiwj , 0 < q ≤ 2 (36) 
 
 

Obviously, φ w, R satisfies properties (1) to (3), Size Degeneracy, Risk Degeneracy, Re- 

verse Risk Degeneracy, Duplication Invariance, Size Monotonicity, Translation Invariance, 

and Homogeneity. As a consequence Φ w R E φ w, R is a coherent class of port- 

folio diversification measures analyzed by Carmichael, Koumou, and Moran (2015) and 

Carmichael, Koumou, and Moran (2018) under the name Rao’s Quadratic Entropy. In the 

case where q 2, Φ w R coincides with the diversification returns, a popular correlation 

diversification measure analyzed by Willenbrock (2011), Chambers and Zdanowicz (2014), 

Bouchey et al (2012), Qian (2012) and Fernholz (2010) under the name excess growth rate. 

 

EXAMPLE 7 (DIVERSIFICATION MEASURE INDUCED BY EXPECTED SHORTFALL). 
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Consider φ(w, R) such that 

φ(w, R) = 

 
 

 
N 

w ESF   R ESF w R , p 0, 1 , (37) 
i,j=1 

 

where ESFp X  max   Ri  VaRp  Ri , 0  is the Expected Shortfall of X at level p with 

VaRp X the Value-at-risk of X at level p. We can verify that φ w, R satisfies prop- erties (1) 

to (3), Size Degeneracy, Risk Degeneracy, Reverse Risk Degeneracy, Duplication 

Invariance, Size Monotonicity, Translation Invariance, and Homogeneity. As a consequence 

Φ w R E φ w, R with φ w, R as defined in (37) is a coherent class of portfolio diver- 

sification measures, a member of the family of Embrechts, Furrer, and Kaufmann’s (2009) 

class of measures. 

 
Is the representation form in (35) unique? The following example provides evidence that 

it is not. It presents a diversification measure that satisfies our axioms, but does not have 

the representation form (35). 

 

EXAMPLE 8 (DIVERSIFICATION MEASURE INDUCED BY STANDARD VOLATILITY). 

 

Φ(w|R) = wTσ − σ(w). (38) 

It is straightforward to verify that Φ w R in (38) satisfies our axioms, but does not have 

the representation form (35). 

 
In sum, we have the following representation theorem. 

 

 

PROPOSITION 7 (REPRESENTATION 
THEOREM). 

can take the following representation form 

If Φ(w|R) satisfies our axioms, then Φ(w|R) 

 

Φ(w|R) = E (φ(w, R)) , (39) 

where φ w, R satisfies Size Degeneracy, Risk Degeneracy, Reverse Risk Degeneracy, Dupli- cation 

Invariance, Size Monotonicity, Translation Invariance, Homogeneity and properties (1) to (3). 

Consider Φ(w|R) such that 
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7 Concluding Remarks and Future Research 
 

This paper provides an axiomatic foundation for the measurement of correlation diversifi- 

cation in a one-period portfolio theory under the assumption that the investor has complete 

information about the joint distribution of asset returns. We have specified a set of mini- 

mum desirable axioms for measures of correlation diversification, and named the measures 

satisfying these axioms coherent diversification measures. 

We have provided an economic justification of our axioms by analyzing their rationality 

with respect to rank-dependent expected utility theory. We have distinguished three cases, 

and we have shown that 

 

(i) if the utility function u . is nonlinear and concave and the distortion function h . is 

linear (in which case rank-dependent expected utility theory reduces to expected 

utility theory), then our axioms are rationalized by rank-dependent expected utility 

theory if and only if one of the following conditions is satisfied: 

(a) risk is small in the sense of Pratt (1964) and absolute risk aversion is constant 

(see Proposition 1); 

(b) each distribution of asset returns belongs to the location-scale family (includ- 

ing the elliptical distributions) and the certainty equivalent has a particular 

additive-separable form (see Proposition 2); 

(ii) if the utility function is linear and the distortion function is nonlinear (in which 

case rank-dependent expected utility theory reduces to Yaari’s (1987) dual theory) 

our axioms are rationalized by rank-dependent expected utility theory if and only 

if the distortion function is convex (see Proposition 3); and 

(iii) if the utility and the distortion functions are nonlinear and are continuously dif- 

ferentiable, then our axioms are rationalized by rank-dependent expected utility 

theory if and only if one of the following conditions is satisfied: 

(a) risk is small in the sense of Pratt (1964) and absolute risk aversion of the utility 

function v . such that v . u . h
′ 
. is constant, with h . 1 h . the 

conjugate distortion function (see Proposition 4); 

(b) each distribution of asset returns belongs to the location-scale family (includ- 
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ing the elliptical distribution), and the certainty equivalent of v . has a par- 

ticular additive-separable form (see Proposition 5); 

These results provide the decision-theoretic foundations of our axiomatic system, and con- 

sequently strengthen their economic desirability, reasonableness and relevance. 

We have explored whether portfolio diversification measures such as portfolio variance, di- 

versification ratio, Embrechts, Furrer, and Kaufmann’s (2009) class of diversification mea- 

sures and Tasche’s (2006) class of diversification measures, which are used in the academic 

literature and on the marketplace to manage millions of US dollars, satisfy those axioms. 

We have shown that 

 
(i) portfolio variance satisfies our axioms, under the very restrictive (if not impossible) 

condition that the assets have identical variance; 

(ii) the diversification ratio satisfies our axioms; 

(iii) Embrechts, Furrer, and Kaufmann’s (2009) and Tasche’s (2006) classes of diver- 

sification measures satisfy our axioms, under the conditions that the underlying 

risk measure is convex (or quasi-convex), homogeneous, translation invariant and 

reverse lower comonotonic additive. 

These results strengthen both the axioms and such measures as the diversification ratio and 

Embrechts, Furrer, and Kaufmann’s (2009) and Tasche’s (2006) classes of diversification 

measures. However, they reveal the limits of portfolio variance as an adequate measure of 

diversification in the mean-variance model. 

Finally, we have investigated whether our axioms have functional representations. We have 

shown that our axioms imply a non-unique family of representations. 

Our objective is to offer the first step toward a rigorous theory of correlation diversification 

measures. We believe that with our axiomatic system this goes in the good direction. 

Feasible and desirable extensions for future research are 

 
(i) to re-examine the rationality of our axioms considering other risk measures in rank- 

dependent expected utility theory such as the optimal expected utility risk measures 



37 
 

as in the study by Geissel, Sass, and Seifried (2018) and the extreme risk aggregation 

approach as in the study by Chen and Hu (2019); 

(ii) to extend the rationality of our axioms to cumulative prospect theory ; 

(iii) to investigate what axioms could be added or relaxed in order to provide a unique 

family of representations because our axiomatic system does not. 
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A Appendix: Proofs 
 

A.1 Proposition 1 

 
Assume that risk is small. According to Pratt (1964), the approximation of the local risk 

premium of u(.) is π (X)   1 Var(X)k(1 + E(X)), where k(x) =  − 
u

′′ 
(x) 

is the measure of 

local risk aversion of u(.) in a small risk scenario. It follows that Q 
u 

(w|R) = −Q
πu 

(w|R) = 
 

1 (∑N
=1 wiσ2k(1 + µi) − σ2(w)k(1 + µ(w))).  Now  let  us  show  that  Q (w|R)  satisfies  our 

 

axioms if and only if k x is a constant function. 

 
A.1.1 Sufficiency 

Suppose that k(x) = c, c > 0.  Then Q (w|R) = c (wTσ2−  σ2(w)).  Therefore, we consider 

Q (w|R) = wTσ2 − σ2(w) for the proof. 
 

(C)- Since σ2 w is convex on W, Q 
Cu 

(w|R) is concave on W. 

(SD)- It is straightforward to verify that Q (δi|R) = σ2 − σ2 = 0 = Φ,  for each i ∈ IN . 
 

 
 

with σ 0. It follows that Q 
Cu 

(w|R) = σ2 − σ2 (∑
N

=1 w )
2 

= 0 = Φ. 

(RRD)-  Since  wi ≥ 0,  for each i ∈ IN  and  Q (w|R) = ∑N
=1 wiǁRi − R(w)ǁ2,  Q 

 

 

(w|R) = 

i 

0 ⇔ Ri = R(w), for each i ∈ IN . The result follows. 

(DI)-  Since A+
N +1  = Ak, A+

i  = Ai for each i ∈ IN , 

2 
Cu 

Q wA |RA ) = Σ w σ + − Σ w + w + σ + σ + 

 
Cu i=1 

Ai    Ai 
i,j=1 

i
 

Aj   Ai    Aj 

= 
N −1 

+ σ2 + + (w + + w + ) σ2 + 

i≠k=1 
Ai    Ai 

A
N +1 Ak Ak 

N −2 

i,j≠k=1 
wA+

i 
w A+

j 
σ A+

i 
σ + − 

N −2 

A+
i  
(w A+

k  
+ w A+

N +1 
) σA+

i 
σ A+

k 
. 

 

Let wA
∗∗ = (w∗ + , ..., w∗ + , w∗ + + w∗ + , w∗ + , ..., w∗ +  ) and wA

∗∗
+  = (w∗ , ..., w∗ ,  

w
A
∗ 

k , w∗ , ..., 
w

A
∗ 

k ). 

A 

Cu 

Cu 

Cu 
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Cu Cu 

u C Cu 

 u 

Cu 

Cu Cu 
Cu Cu 

Cu 

(  + ) 

( ) 

(M)-  Consider  a  portfolio  wA++   = (wA
∗ , 0).    Portfolio  wA++   is  an  element  of  WN

A+
+

+
1,  so 

(S)- Since σi = σj = σ and ρij = ρ for each i, j ∈ IN when R1, ..., RN is exchangeable, 

Cu 

is symmetric. 

i i i,j 
Cu 

is a constant function. To do so, we proceed by contradiction. Suppose that k(x) is 

which is the case only if k(x) is a constant function. This contradicts our hypothesis that 

u 

Cu 

Cu 

It follows that 

Q
C  

(wA
∗ 

+ |RA+ ) = Q (wA
∗∗|RA) ≤ Q (wA

∗ |RA), 

 
 
 

Then 

Q
C  

(wA
∗ |RA) = Q (wA

∗∗
+ |RA+ ) ≤ Q (wA

∗ 
+ |RA+ ). 

 

Q (wA
∗ 

+ |RA+ ) = Q (wA
∗ |RA) 

  

wA
∗ 
i  

= wA
∗ 

+
i 
,  for each i ≠ k, i ∈ IN 

wA
∗ 

k  
= wA

∗ 
+
k  

+ wA
∗ 

+
N +1 

. 

 
 

 

Q (wA
∗ 

++ |RA++ )  ≥ Q 
  

(wA++ |RA++ ). Since Q 
 

 

(wA++ |RA++ ) = Q 
 

 
(wA

∗ |RA),  Q 
 

(wA
∗ 

++ | 

RA++ ) ≥ Q (wA
∗ |RA). 

 

(TI,H)- Because covariance is translation invariant and homogeneous of degree two. 
 

 

Q (w|R) = σ2 −σ2 (∑N
=1 w2 + ρ ∑N 

=1 wi wj).  It is straightforward to verify that Q (w|R) 
 
 
 

A.1.2 Necessity 

 
For the converse, suppose that Q 

Cu 
(w|R) satisfies our axioms and let us show that k(x) 

 
 

not a constant function. It is straightforward to verify that Q 
Cu 

(w|R) satisfies translation 

invariance and homogeneity if and only if k 1 x is translation invariant and homogeneous, 
 

 

k x is constant. As a consequence, Q 
Cu 

(w|R) satisfies our axioms, which implies that 

k(x) = c, c > 0. 
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( ) 

– (  ) ( ) 

( ) 

Ch 

Ch 

Cu(R) = u−1 (U (µ, σ)), where Eu(R) = U (µ, σ) = ∫ u(µ + σx)dx and u−1(.) is the inverse 

(C)- Since h(.) is convex, Ch(.) is convex on R (Tsanakas and Desli, 2003). It follows that 

(RRD)- Since Ch(R) is coherent, comonotonic additive and non-independent additive, 

(TI,H)- Since h(.) is convex, Ch(R) is translation invariant and homogeneous of degree 

Ch 

A.2 Proposition 2 

 
A.2.1 Sufficiency 

 
Follows from the proof of the sufficiency part of Proposition 1. 

 
A.2.2 Necessity 

 
Since asset i return distributions belong to the location-scale family, from Meyer (1987), 

 

 

of u . . It is obvious that if Q 
Cu 

(w|R) satisfies our axioms, then Cu(R) = u−1 (U (µ, σ)) = 

µ g σ with g . is a strictly increasing, continuous and homogeneous function on R+. 

A.3 Proposition 3 
 

We focus only on Q 
Ch 

 

A.3.1 Sufficiency 

(w|R). 

 
 

Suppose that h . is convex and let us show that Q 
Ch 

 
 

 
 

(w|R) satisfies our axioms. 

Ch(w|R) is convex on W and consequently, Q (w|R) is concave. 

(SD)-  Let δi ∈ W be a single-asset i portfolio.  It is straightforward to show that Q (δi|R) = 
 

Ch(Ri) − Ch(Ri) = 0 = Φ. 

(RD)- Since Ai = A, Ri = R for each i ∈ IN . Then, Q 
 

  

(Ri) = Q (Rj) for each i, j ∈ IN . It 

follows that Q 
Ch (w|R) = Ch(R) − Ch(R) = 0 = Φ. 

 
 

Q (w|R) satisfies Reverse Risk Degeneracy. 
 

 

(DI)- Follows the proof of Proposition 1. 

(M)- Follows the proof of Proposition 1. 

 

 
 

 

 
one. Therefore Q 

Ch 
(w|R) is translation invariant and homogeneous of degree one. 

(S)- Suppose that R1, ..., RN is exchangeable. It is straightforward to verify that Q
C

h 

(w|R) 

Ch 
Ch 
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i 

= 

(   |   ) 

(   |   ) 

(   |   ) 

(   |   ) 

(   |   ) 

is convex. To do so, we proceed by contradiction. Suppose that h(.) is not convex. It is 

that  σ
2  < σ

2
.   Then  σ

2 (δ1|R)  < σ
2 (δ2|R).   Thus  σ

2 (w|R)  fails  Size  Degeneracy.   From 1 2 

is symmetric. 
 

A.3.2 Necessity 
 

For the converse, suppose that Q 
Ch 

 

 
(w|R) satisfies our axioms and let us show that h(.) 

 
 

straightforward to verify that Q 
Ch 

(w|R) is not concave (Wang, Young, and Panjer, 1997). 

 

A.4 Proposition 4 

 
Follows from Proposition 1. 

 
A.5 Proposition 5 

 
Follows from Proposition 2. 

 
A.6 Proposition 6 

 
A.6.1 Portfolio variance 

 
A.6.1.1 Sufficiency Suppose that assets have identical variances and let us show that 

the portfolio variance satisfies our axioms. It is straightforward to verify that if assets have 

identical variances i.e σ2 = σ2, then 

wTσ2 − σ2 (w|R) = σ2 − σ2 (w|R) . (40) 

From (40) and Proposition 1, it follows that σ2 w R satisfies our axioms. 

A.6.1.2 Necessity For the converse, suppose that σ2 w R our axioms and let us show 

that assets have identical variances. To do so, we proceed by contradiction.   Suppose 

that asset variances are not identical and without the loss of generality that N 2 such 

 

the failure of Size Degeneracy, it is straightforward to prove that σ2 w R also fails Risk 

Degeneracy and Reverse Risk Degeneracy. This contradicts our hypothesis that σ2 w R 

satisfies our axioms. As a consequence, if σ2 w R satisfies our axioms, then assets have 

identical variances. 
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= 

DR  (w|R)σ 

i 

( ) 

ę(R) 

ę(R )i 

= = ∈ I (   |  ) = = = ∈ I 

(   |  ) = = ∈ I 

(   |   ) 

( ) ( + ) = (   ) − 

invariant (with η = 0) and is reverse lower comonotonic additive, from part (iv) of Propo- 

A.6.2 Diversification ratio 
 

Because the standard-deviation is convex, positive homogeneous (with κ 1), translation 
 

sition 6, DRσ satisfies our axioms. It follows that DR (w|R) = 1 also satisfies our 

axioms. 

 
A.6.3 Embrechts, Furrer, and Kaufmann’s (2009) class measures 

 
See the proof of Proposition 3. 

 
A.6.4 Tasche’s (2006) class measures 

 

(QC)-  Since  Q(.)  is  convex  and  ∑N
=1 wiQ(Ri)  is  linear  on  W,  from  Avriel  et  al  (2010), 

DRę w R is quasi-concave. 
 

(SD)- DRę δi R ę(Ri) 
1, for each i N . 

(RD)- Since Ai A, Ri R for each i N . Then DRę δi R ę(R) 1 Φ for each i N . 

(RRD)- By assumption that Q . is reverse upper comonotonic additive. 

(DI)- Follows the proof of Proposition 1. 

(M)- Follows the proof of Proposition 1. 

(TI)- Since Q . is translation invariant i.e. Q R a Q R η a with R is a random 

variable, 

DR (w|RA+ ) = 
Q (wTRA) − η a

. 

If η = 0, 

ę a 
wTQ (RA) − η a 

DRę (w|RA+a) = DRę (w|RA) . 
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( ( ) −  

)A 

a→ 
( t  

A) 

a→ 
( t  

A) 

a> 
( t  

A) 

a< 
( t  

A) 

wTQ (b R) 

= 
(   T   ) bκ Q w R 

If η ≠ 0, 

∂DRę(w|RA+a) 
= 

η (Q (wTRA) − wTQ (RA)) 
≤0,

 
 

 

∂a wTQ R η a 2 

a→lim
−∞ 

DRę(w|RA+a) =1, 

a→lim
+∞ 

DRę(w|RA+a) =1, 

lim 
q w  R 

η 

q w  R 

η 

 

lim 
q w  R 

η 

q w  R 

η 

DRę(w|RA+a) = − ∞, 

 
DRę(w|RA+a) =∞. 

 

(H)- If Q(.) is homogeneous i.e. Q(b R) = bκQ(R) with R a random variable, 
 

 
DRę (w|b R) = 

Q (b wTR) 
, 

bκ wTQ (R) 
,
 

DRę (w|b R) =DRę (w|R) . 

(S)- Follows the proof of Proposition 3. 
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